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Abstract Derivations are important tools in the study of algebraic structures, providing a framework for analyzing ring and
module behavior through differentiation-like operations. Among their generalizations, («, 3)-derivations, defined via ring en-
domorphisms « and [ offer increased flexibility, particularly in non-commutative settings. While these derivations have been
studied extensively on rings, their behavior on polynomial extensions remains unexplored. In this paper, we investigate (o', 8)-
derivations on the polynomial ring K[z], where K is a ring equipped with a given (o, /3)-derivation. We propose a method to
construct a (o', 3’)-derivation on K[z] from the original derivation on K, establish several of its fundamental properties, and
analyze the relationship between the structures on K and KC[x]. Illustrative examples are provided to support the theoretical de-
velopments. This study offers a new perspective on the extension of generalized derivations to polynomial rings and contributes
to the broader understanding of differential structures in algebra.
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1 Introduction

Derivations play a fundamental role in the study of algebraic structures and have been extensively explored in both com-
mutative and non-commutative ring theory. A derivation on a ring K is an additive map A : K — K that satisfies the Leibniz
rule, A(vp) = A(v)p + vA(up) for every v, u € K, mirroring the behavior of differentiation in calculus. Among various gen-
eralizations of this concept is the («, 3)-derivation, where o, 8 : K — K are ring endomorphisms, and the map A satisfies the
identity A(vp) = A(W)a(p) + B(v)A(p), forall v, € K. This generalized form provides greater flexibility for modeling
differential-like behavior, particularly in algebraic contexts where ordinary derivations may fail to capture the desired structural
properties.

The investigation of derivations in various algebraic settings remains a prominent focus within mathematical research. Nu-
merous scholars have examined derivations in diverse structures, including various classes of rings and modules. In the realm of
ring theory, Guven [1] explored specific types of derivation in prime rings, a study that was later expanded by Golbasi and Koc
[2] through their work on Lie ideals. Ali et al. [3] analyzed how derivation maps affect commutativity in prime and semiprime
rings, with further generalizations introduced by Ali and Alhazmi [4]. Based on these findings, Atteya [5] investigated the
commutativity of the derivation within semi-prime rings.

Belkadi and collaborators contributed significantly by examining nilpotent homoderivations [6] and n-Jordan homoderiva-
tions [7] in prime rings. Homoderivations in semiprimary rings were studied by El-Sayiad et al. [8], while El-Deken and El-Soufi
[9] explored derivation bindings, later developing them into more generalized homoderivation structures [10]. Research in this
area continues to grow, with Thomas et al. [11] studying various aspects of derivations across different ring types, and Ezzat [12]
introducing the concept of higher-order derivations. More recently, Gouda and Nabiel [13] extended the theory to left derivations
in 2024.

In the context of modules, Bracic [14] investigated derivations and their representations, while Gurjar and Patra [15] focused
on the minimal generators of derivations in modules. Considerable work has also been done on commuting derivations. Retert
[16] studied them in simple rings, followed by Chen and Wang [17], who applied similar concepts to Lie algebras. Maubach [18]
proposed a conjecture concerning commuting derivations in rings, Pogudin [19] explored them in fields, and Fitriani et al. [20]
examined both commuting and centralizing derivations in modules. Furthermore, Fitriani et al. [21] researched f-derivations in
polynomial modules, where derivations on rings formed the basis for extending derivational structures to more complex module
settings.

Motivated by the work of Fitriani et al. [21], this paper investigates («, §)-derivations on polynomial rings, a topic that has
not been previously explored in the literature. We begin by examining how a (o, 5’)-derivation on the polynomial ring K[z] can
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be constructed from a given («, §)-derivation on the ring K. We then establish several properties of («, /3)-derivations on K[z],
analyze the relationship between the derivations on K and those on K[z], and provide illustrative examples to demonstrate and
support the theoretical results.

2 Methodology

This study adopts a theoretical and constructive approach to investigate («, 3)-derivations on polynomial rings. Let K be
a ring equipped with an (o, 8)-derivation A : K — K, where «, 5 : K — K are ring endomorphisms. The core objective
is to define and analyze a corresponding derivation A’ : K[z] — K[z] on the polynomial ring XC[x], such that A’ satisfies an
(o, B8’)-Leibniz identity, where o', 8’ are suitable extensions of «, § to K[x].

The methodology proceeds as follows:

1. Given («, )-derivation on ring K. Then, we construct o/ and 5’ on K[z] by defining the extended endomorphisms
o, ' Klzx] — K[z] as follows:

t

t t t
a' Zijj = Oé(l/j)l‘j, 6/ ZV]‘.’Ej = ZB(Vj)Ij,
7=0 j=0 7=0 7=0

for every E;:o v;x) € K[z]. After that, we prove that both maps are endomorphisms of K[z].

2. We define the extended derivation A’ on K[x] by using the structure of A on K as follows:

t ¢
A’ Zujxj = ZA(Vj)xj,
3=0 7=0

. ,
forevery > . vja’ € Klz].
Then, we examine whether this map satisfies the (o’, 8')-derivation axiom:

A'(AQ) = A'(N)a/(Q) + B'(NA'(Q), forall A=Y vad ¢ = pal € K[a.

=0 =0

3. We verify the derivation properties. We rigorously prove that A’ is an (a/, 3)-derivation of R[z] under the defined
operations, relying on the distributive and associative properties of R[z] and the derivation properties of d on R.

4. We examine the structural connections between the («, 5)-derivation on K and its extension to the polynomial ring C[x].
We explore how the algebraic properties of the ring K and the maps «, 3, d influence the behavior of the corresponding
structures on K[x].

5. We provide explicit examples of rings IC with given (¢, )-derivations and construct the corresponding (o, 8’)-derivations
on K[z] to demonstrate and validate the theoretical framework.

This approach enables a systematic extension of derivational structures from rings to their polynomial counterparts, offering
new insights into generalized derivations in algebra. We begin with the definitions of derivation and («, 3)-derivation.

Definition 2.1. [22] Let K be a ring. An additive mapping A : K — K is called a derivation on the ring K if it satisfies the
following properties:

L Aw+p) =AW) + A(p);
2. A(vp) = AW)p+ vA(p), forall v, u € K.

Definition 2.2. [22] Let K be a ring, and let « and 3 be two endomorphisms on K. An additive mapping A : K — K is called
an («, 3)-derivation if it satisfies the following condition:

Alvp) = A(w)a(p) + B(v)A(p), forall v, u € K.
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3 Results and Discussion
We begin with the relationship between («, 3)-derivation and derivation on ring /C as follows.
Proposition 3.1. Let IC be a ring. Every derivation is an («, [3)-derivation on K where « and (3 are the identity mappings on K.
Proof. Suppose that A is an («, 3)-derivation. Then A is additive and satisfies
A(vp) = Aw)a(p) + B)A(u).-

If we take o = [ = idy, then
Avp) = AW+ vA(p),

which shows that A is a derivation on K. O

We proceed by defining the («, §)-derivation on the polynomial ring XC[x] and providing an example to illustrate the con-
struction.

Definition 3.1. Let K[z] be a polynomial ring, and let o/, 5’ : K[z] — K[z] be two endomorphisms on K[x]. An additive map
A’ : Klz] — K[z] is called an (¢, 8")-derivation if it satisfies:

A'(AG) = AT (N (C) + B (MN)A(Q),
forall A, ¢ € K[z].

Example 3.1. Let M3 (K[z]) be the ring of 2 x 2 matrices with entries in K[x]. Define a function A’ : My (K[z]) — M2(K][z])
and two endomorphisms o/, 5 : Ms(K[z]) — My (K[x]) as follows:

A'(T) = o/(I') = B'(I),

forevery I' = [i\ g] € M, (K[x]); where A = Z;:o vzl ¢ = Z;.:O it x = Z;zo n;xd,y = Z;zo §jzl € Klx].
We will show that A’ is an (o, 5’)-derivation.
1. We will show that o is an endomorphism on Ms(K[z]).
A (¢ / Al t ; t ; t ;
LetI' = [X ’y] and T = [X/ 7/} € My (K[z]); where A = 3. val,¢ = 3, qpa?,x = Y ;_gmal,y =
Z;':o §;x7; and N = Z;zo Vil (' = Z;':o piat, x' = Z;:o nal,y = Z;’:O Ol € Klz].

Then, the following holds:
d(T+T)=d ([)‘ ﬂ + [X C,D
x v XY

(i 555)

X+x v+
[+ (et x)

_—(C+C’) A+ N

_ [+ x=x
—¢-¢ A+x

|y —x v =X
— __C )\ :l + |:_</ )\/:|

i G R ()

= o/(T) +o/(I"),
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and

)= ([ 5] [e 3])

a/({)\X‘FCX/ /\C’+CW’D
XA+ x¢

[ x¢ + vy (xX+7x’)}
(A +¢Y) AN+ Y

_ [ x¢ —XX—’YX/]

A= A X

[ + (=) (=¢") (=X + (—X))\']
L= + A=) (=O(=x) + 2N

_ [~ —x}[v’ —X/]
RSP B BV

(S (5]

= o(T)a(T).

It has been proven that o’ is an endomorphism on Ms(K[z]).

2. We will show that /3’ is an endomorphism on M5 (K|x]).

! !/

LetT = [i\ g] and IV = L);, g,] € M>(K[z]). Then, the following holds:

! / / A C A/ C/
g =o ([ 5+ 1 5)
_6,<[)\+/\’ c+c’D
X+x v+
_{wv’ x+x’}
C+¢ A+ N

=[x+
=2 (s (v 9
=p'(T) + B'(I"),

and

! ! / )\ C )\/ CI
/”HW_B<h J'h’fb
5,<[)\/\’+Cx’ AC’+CW’]>
XA +x x¢
X+ XX+7><’}
A+ AN+ X

[ X N
SRS RV

_ [ x} . [W’ x’}
_C A CI N

7 ([ D) (R 5)

= B(I)A(T).

It has been proven that 8’ is an endomorphism on M»(K[z]).



Journal of the Indonesian Algebra Society 12(1): 17-29, 2026 21

3. We will show that d is an (o, §’)-derivation on Mo (K[z]).

/ /
LetT' = [; ’Cy] and TV = B, g,] € M>(K[z]). Then, the following holds:

AT+T) =T +T) -3 T +1)
=a/(T) +o/(T") = B'(T) = B'(T)
= (/(I) = (1)) + (&/(T") — B'(T"))
= A'(T') + A'(TY),

and

|
)
=
|
21
5

I)

Since all the axioms are satisfied, it is proven that d is an (o, 8’)-derivation on M (K[z]).

In the following lemma, we establish that an additive mapping on the polynomial ring K[z] can be naturally induced by an
additive mapping on the base ring .

Lemma 3.2. Let K be a ring. If A : K — K is an additive map on K, then there exists a map A’ : Klx] — K|[x] which is an
additive map on Klx).

Proof. Define A’ : K[z] — K[z] as

¢ ¢
Zuja:j = ZA(Vj)xJ
j=0 7=0

for each v; € K. We will show that A" is an additive map on K[z].
Let A=Y vz, ¢ = > o hja? € K[z] be arbitrary. The following holds:

AN+¢) = Zuzx —I—Zujmj

max(t,s)

ALY (k4 )t

k=0

max(t,s)

Z A(vy, + pug)z®

k=0
Since A is additive on K, i.e., A(vg, + i) = A(vg) + A(pr), we get:

max(t,s)
ANA+O = (A +Au)) 2"
k=0
max(t,s)
= Z (A(v)z* + A(ur)2")
k=0
max(t,s) max(t,s)
= A Vk z* + Z A ,U,k
k=0 k=0
max(t,s) max(t,s)
Z veh | + A’ Z px”
k=0

k=0

(i viw ) + A Zujxﬂ

7=0

"(A) + A'(Q).
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Since A'(A + () = A’(X) + A’(¢), it is proven that A’ is an additive map on K[x]. O

In the following lemma, we demonstrate that any endomorphism on the base ring X induces a corresponding endomorphism
on the polynomial ring K[x].

Lemma 3.3. Let K be a ring. If o, 8 : K — K are two endomorphisms on KC, then there exist o/, ' : Klx] — K[z] that are
endomorphisms on K[z].

Proof. Define o, 5" : K[z] — Klx] as

o (Z le”) = Z alv;)xt;
i=0 ;

> uiad | =Y Bug)ad,
=0

for each v;, u; € K.
We will show that o and 8’ are endomorphisms on K[z].

1. Given A =Y/ va’, ¢ = > ! € Klz], we have:

dAN+¢) =d

Since « is an endomorphism on I, i.e., a(vg + i) = a(vy) + a(uy), we get:

max(t,s)
A+ = Y (a(m)+alum))
k=0
max(t,s)
— Z (a(ve)z® + a(ur)2®)
k=0
max(t,s) max(t,s)
= a(vg)z® + Z o) x”
k=0 k=0
max(t,s) max(t,s)

Z ve® | + o Z ik
k=0

/—\

t
Z VT ) Z ,u]xj
=0

Similarly:

=0 7=0
max(t,s)
=8 D (+m)a”
k=0
max(t,s)
= Bk + )"



Journal of the Indonesian Algebra Society 12(1): 17-29, 2026

Since 3 is an endomorphism on K, i.e., B8(vx + px) = B(vk) + B(uk), we get:

max(t,s)
BA+¢) = > (Bm)+B(m) ="
k=0
max(t,s)
Z ¥ + B(ue)z")
k=0
max(t,s) max(t,s)
- > B + > Bl
k=0 k=0
max(t,s) max(t,s)
=p vra® | + B Z %
k=0 k=0
t s
=7 (Z Vi”«”) + 5 (Z uﬂf’)
i=0 j=0
=8N +8(C

)
Therefore, o/ (A + ¢) = o/(A) + a/(¢) and /(A + ¢) = 8'(\) + B (¢).
2. Given A = Y1 vz, ¢ = Yo kya’ € Klz], we have:

a%w)—a/(<§:wwﬁ ( /Mﬁ))
i=0 j=0

Since o is an endomorphism on I, i.e., & (Zi-i-j:k z/l-luj> =D i ik a(vi)a(py), we get:

t+s
MW=Z(ZMWW»ﬂ

k=0 \i+j=Fk

Similarly:
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Since £ is an endomorphism on K, i.e., /3 (Ziﬂ.:k uiuJ) =2 irj=k BWi)B(uj), we get:

t+s
BA)=> | Y a)By) |«
k=0 \i+j=k
t s
- (Z B(w)xl) S Bluy)e?
i=0 j=0
t . s
— ,8, (Z Vi.Tl) 6/ Zlu]xﬂ
i=0 j=0
= A (NB'(Q)
Therefore, @’ (A() = o/(A\)d/(¢) and B/ (A¢) = B/ (M) B (€).
Since all the axioms of an endomorphism are satisfied, it is proven that o’ and 3’ are endomorphisms on K[z]. O

The following theorem establishes that an («, 3)-derivation on K can be naturally extended to a (¢, 8’)-derivation on K[z].

Theorem 3.4. Let K be aring. If A : K — K is an («, 8)-derivation on K, where o, 8 : KK — K are endomorphisms on K, then

there exists a map A’ : K[x] — K[z] which is an (o, B’)-derivation on K[z], where o, ' : K[z] — K|x] are endomorphisms
on Klx].

Proof. We define:

A’ (Z I/il‘i> = Z A(vy)x

=0 =0

Q\
N/\
1§ -
o

AN

R@.
N——

I
T -
o

2

S

=

and

=
=
I ~
o

5

&N.
N——

I
M~
o

=

S

5

for every Zz':o vzl € Klz].
Based on Lemma 3.2 and Lemma 3.3, we have A’ is an additive map, and o', 8’ are endomorphisms on K[z].
We will show that A’ is an (o, ')-derivation.

Given arbitrary A = Y0 vzt ¢ = 37 =0 12’ € K[z], we compute:

Zw > mya (1
=0

t+s
> ving | 2t @
i+j=k
t+s
=2 A 2 v | ot )
k=0 it+j=k
t+s
= Z Z A(vipy) | =*. 4)
k=0 \i+j=k
Since A is an (v, #)-derivation on [, it satisfies:
Avipg) = Awi)a(p;) + Bvi) Alpg)- (5)

Substituting Equation (5) into Equation (4), we obtain:
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k=0 \i+j=k i+j=k
t+s t+s

= Z Z A(”l)“(.“])) ok + Z ( Z 5(”1)A(ﬂj)> o
k=0 \i+j=k k=0 \i+j=k

Since A'(AC) = A'(N)/(€) + B/ (M) A'(C), it follows that A’ : K[x] — K[z] is an (o, 8')-derivation. O

If Ay, Ay are (v, B)-derivations, then the composition A; o A is not necessarily an («, 3)-derivation. This indicates that the
structure of an («, 3)-derivation possesses unique characteristics that distinguish it from an ordinary derivation. The following
is an example of the composition of two («, 3)-derivations which does not satisfy the properties of an («, 3)-derivation.

Example 3.2. Given thering K = R[], the polynomial ring with real coefficients, and let Ay, Ay : K — K be (o, 3)-derivations
with a,  : K — K endomorphisms on K defined as the identity mappings. We will show that A; oA is not an («, 3)-derivation.

Define:

Ai(p(z)) = p'(2);
As(p(x)) = p(2);
a(p(z)) = p(x);
B(p(x)) = p(x), forevery p(z) € K.

)

( £(@)) + B(p(z))A1(&(2)))
(A1(22% + 1)aBz — 1) + (222 + 1)A (32 — 1))
((42)(3x — 1) + (22 + 1)(3))

(1222 — 4z + 622 + 3)

(1822 — 4z + 3)

622 — 8z + 6.
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On the other hand:

(A1 0 Ag)(p(x))a(€(z)) + B(p(2)) (A1 0 Az)é())

= A1(Az(p(2)))E(@) + p(x) A1 (A2(E(2)))
A1(22° +1)(3z — 1) + (222 + 1)A1 (32 — 1)

= (42)(3z — 1) + (222 + 1)(3)

=122% — 4z + 622+ 3

= 1822 —4x + 3.

Since (A1 o Ag)(p(x)é(x)) # (A1 0 Ag)(p(x))a(é(x)) + B(p(x)) (A1 0 Ag)(&(x)), it follows that Ay o Ay is not an («, 3)-

derivation.

The following theorem demonstrates that the set of («, 3)-derivations on K is closed under addition.

Theorem 3.5. Let R be a ring. If A1, Ns,..., A, : K — K are (a, 8)-derivations on K, where («,8) : K — K are
endomorphisms on IC, then the sum A = Ay + As + -+ - + A, is also an («, B)-derivation.

Proof. We will show that A = Ay + Ay + -+ A, =31 | A, is an (o, 8)-derivation.

1. Given v, u € K, we have:

2

X

+
=

I

I

~__

Jr
=

s
Il
_

I
M=
5
~
+
=

N
Il
—

I
M=
P
S
_|_
I’
=

i=1
=@ + Y (Ailw)

Il
> —
M:

b

S

_|_
P

b
~__

=

Since A(v + p) = A(v) + A(u), it follows that d is additive.

2. Given v, u € K, we have:

Since each A; is an («, 3)-derivation, i.e.,

Ai(vp) = Aj(v)a(p) + Bw)Ai(pn) foralli=1,2,...,n,



it follows that:

Therefore, since A(vp)

The following theorem demonstrates that the set of (
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= Z(Al(y)a(u)) + Z(ﬁ(V)Az(u))
=Y (Aiw)alp) + B) D (Ai(w)

Il
> —
[ 3
s
~_—
+
T o=
S .
< )
=
I’
~_—

=AW)a(u) + B(v)A(u), it is proven that A = Ay + Ay + - -

+ A, is an («, 3)-derivation.

«a, B)-derivations on K is closed under linear combination.

27

O

Theorem 3.6. Let K be a ring. If A1, As : K — K are («, B)-derivations on KC, where (o, 8) : K — K are endomorphisms on
K, then for any vy1,%2, - .., Yn € K, the map

is also an («, 8)-derivation.

A=A+ 70+ A, =) A

Proof. We will show that A = Y7 | ;A is an («, (3)-derivation.

1. Let v, € K. Then we have:

Therefore, A is additive.

2. Letv, i € K. Then:

Ay +p) = (Z% ’)
fzy, i) (v + )
—Z% (v + 1)

- 2% (A;(v) + Ai(p)
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Since each A; is an («, 8)-derivation, we have:

Ai(vp) = Ai(v)a(p) + B(v)Ai(k)
foralli =1,2,...,n. Thus:

<
3

>
X

=
|

=27 (Ai)as) + BE)A(W)

<
Il
-

|

o
Il
N

i (Ai(v)e(p)) + Zv (B)Ai(w))

[

©
Il
-

(Vi) (W)a(p) + Y BW) (i) (w)
i=1

m) (Vaw) + 5(v) (Z m-) (1)

[l
> —
H'M:

sI
z
;:/
_|_
=
S
b
&

Hence, A = 1 A1 + 120 + - + 7, A, = Z?:l vi4\; is an (o, 8)-derivation. O

Let IC be a ring and let A, Ay : K — K. Suppose A; is an (aq, 51)-derivation and As is an (g, B2)-derivation, where
a1, s, 31,02 : K — K are endomorphisms on /. Then the map A = A; + Ay is not necessarily an (a; + as, 81 + B2)-
derivation. The following is an example showing that A is not an (a; + as, 31 + B2)-derivation.

Example 3.3. Let K be aring. Define A1, Ay : K — K such that A, is an (a1, 81)-derivation and Ay is an (g, B2 )-derivation,
where a1, ag, 81, B2 : K — K are endomorphisms on K. We will investigate whether A = Ay 4+ Ay isnotan (a; +as, 51+ F2)-
derivation.

1. Letv, n € R. We have:

Alv+p) =

—~

Ar+ Ag)(v+p)
A1+ Ag)(v) + (A1 + Ag)(p)
(V) + Ap).

(Il
D ~—~
==

Since A(v + p) = A(v) + A(p), A is additive.
2. Letv, n € R. We have:
Alvp) = (A1 + Ag)(vp)
= A1(vp) + Dz (vp).

Since A is an (aq, 1)-derivation, it follows that Aq(vp) = A1 (v)ag (p) + B1(v)A1(r), and since A is an (aq, 82)-
derivation, it follows that As(vu) = Ag(V)as (i) + f2(v)Ag(p).

We obtain:
Alvp) = (Ar(v)aa(p) + L) Ar(p)) + (Az(v)az(p) + B2(v) Az ().

On the other hand, we have:

Aw)a(p) + B(v)A(p)
= (A1 + Ag) (V) (a1 + az)(p) + (81 + B2) (V) (A1 + Az) (1)
(W) (a1(p) + az(p) + (Br(v) + Ba(v)) (A1 (k) + Az(p))

= (A1(v) + Ay

= A1 (V)ou () + A1 (V)ao(p) + Ao (v)an (1) + As(v)as(p)
+ B1(v)Ar(p) + B1(v)Az(p) + B2(v) A1 (p) + B2(v)Az(1)

# A(vp).

Since A(vp) # A(v)a(p) + B()A(w) or (Ar + Az)(vp) # (A1 + Az)(v) (a1 + a2) (k) + (B1 + B2) (V) (A1 + Az) (1), we
conclude that A = A; + Ay is not an (a1 + g, 81 + B2)-derivation.
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Conclusions

From the discussion, it can be concluded that for every («, 3)-derivation on a ring K with « and 8 being endomorphisms in
K, there exists an (o, 3’)-derivation on the polynomial ring K[z] with ' and 3’ being endomorphisms in X[z]. Additionally,
this research shows that derivations are a special case of (o, 3)-derivations where « and § are identity maps.

This research also demonstrates that the properties of («, §)-derivations have unique characteristics, particularly in com-
position and combination. The composition of two («, 3)-derivations does not always result in a («, 3)-derivation, which
distinguishes («, 5)-derivations from regular derivations. On the other hand, a linear combination of («, 3)-derivations still
preserves the structure of («, §)-derivations. Furthermore, this study also shows that if there are two (a1, 81)-derivations and
(a2, B2)-derivations, their combination is not necessarily a (a; + ag, 81 + f2)-derivation. This highlights certain limitations of
the («, 3)-derivation operation in terms of combination and the propagation of properties within the polynomial ring K[z].
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